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The time-integrated three-pulse photon echo is discussed in terms of the line-shape functions which are shown
to be directly related to the solvation dynamics. By using the short-time approximation to the line-shape
function, an algebraic form of the three-pulse photon echo signalSPE (τ, T) is obtained as a function of two
delay times,τ andT, between pulses. On the basis of the approximate form of the photon echo signal, the
echo peak shift with respect to the second delay time (population evolution period) is derived and found to
be linearly proportional to the time-dependent fluorescence Stokes shift function for times greater than the
bath correlation time,τc. In the case of intermediate inhomogeneous broadening, the asymptotic echo peak
shift magnitude is found to be useful in estimating the static inhomogeneous width. To illustrate the theoretical
results, an analysis of the echo peak shift measurement of IR144 in a room temperature glass, PMMA, is
presented.

I. Introduction

It has usually been assumed that the broad Gaussian shape
of the optical spectrum originates from a distribution of the static
local environments around the chromophores.1,2 This static limit
holds when impurity chromophores are dissolved in a medium
such as glasses, since in these cases the typical time scale of
the transitions from one local structure to another is extremely
slow in comparison to that of the phonon fluctuation correlation
function. In the case of the ideal large inhomogeneous
broadening limit, photon echo measurements have been used
to effectively eliminate the inhomogeneous contribution to the
optical spectrum.3-9 It is the rephasing of the optical coherence
that generates the coherent echo field, the decay of which
represents the homogeneous dephasing process induced by the
fluctuating bath degrees of freedom.10,11

The situation in liquid solutions is more complex. The time
scale of local structural transitions ranges from a few picosec-
onds to hundreds of picoseconds, and these processes are
responsible for the slowly decaying portion of the bath correla-
tion function. On time scales longer than these, liquids are not
expected to exhibit inhomogeneity. Thus, the standard picture
of echo formation as a result of static inhomogeneity is
inappropriate in liquids. At short times inertial motions play a
dominant role in solvation dynamics, at least in small highly
polar liquids.12-15 This Gaussian relaxation caused by inertial
motions of solvent acts as an inhomogeneous contribution to
the echo signal at short time, giving rise to Gaussian spectral
broadening in the frequency domain. Even when there is a static
inhomogeneous contribution, if its width is comparable to, or
smaller than, the inverse of the bath correlation time,τc, it is
difficult to completely eliminate the inhomogeneous contribution
in two-pulse photon echo measurements. Considerations such
as these led Choet al. to suggest the heterodyne-detected

stimulated photon echo16 and the fifth-order three-pulse photon
echo experiments,17 and recently these new types of experiments
have been performed by Wiersma and co-workers18 and Fleming
and co-workers,19 respectively. Closely related time-gated
photon echo measurements20,21have also been found useful in
measuring the nonlinear response of the bath. All these studies
revealed more detailed information on the dynamics of line
broadening in condensed media than was available from
conventional photon echo measurements.

In parallel to the echo studies a great deal of activity has
been devoted to solvation dynamics via fluorescence Stokes shift
measurements,14,15computer simulations,13,22and theory.11,23-26

However, the connection of these studies to echo spectroscopy
has not been clearly established, and frequently echo studies
have been analyzed at a phenomenological level. An experi-
mental approach described by Weineret al.,27 namely, that of
recording the shift of the echo peak from zero delay, in a time-
integrated third-order three-pulse photon echo has recently been
investigated by Jooet al.28 By means of numerical simulations,
they were able to show that the echo peak shift was closely
related to the solvation dynamics, which are in turn connected
to the homogeneous bath fluctuations. In this paper we will
establish this connection formally and show that the echo peak
shift with respect to the second delay period,T (see Figure 1),
is linearly proportional to the solvation correlation function in
the long-time region. We will also show how the inhomoge-
neous width can be obtained from peak shift measurements.

This paper is organized as follows: In section II, the general
aspects of the nonlinear response functions are discussed after
a general model Hamiltonian is introduced. We next discuss
the solvation correlation function and its connection to the line-
shape function via the definition of the spectral density. By
using a short-time approximation, an approximate time-
integrated photon echo signal is derived in section IV. The
relationship between the echo peak shift and solvation correla-
tion function is discussed in section V. An analysis of the echo
shift measurement of IR144 in a room temperature glass,
PMMA, is presented to illustrate the theoretical results devel-
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oped in this paper. We summarize the results with some
concluding remarks in section VII.

II. Nonlinear Response Functions

An optical chromophore dissolved in a condensed medium
is often modeled by assuming a two-electronic-state system
coupled to the bath degrees of freedom in addition to the external
electric fields. The contribution from the intramolecular modes
to the photon echo signal has been found to be important by
Wiersma and co-workers8 and Shank and co-workers,7 and it
is straightforward to incorporate the intramolecular modes into
the displaced harmonic oscillator model, by adding properly
weighted spikes into the total spectral density representing the
coupling strength and distribution of harmonic oscillators. For
the sake of simplicity, we assume that there are no strongly
coupled intramolecular modes of the chromophore to the optical
excitation. Consequently, the oscillatory features of the optical
broadening function are not considered in this paper. An
extensive discussion of the intramolecular vibrational mode
contributions to the photon echo and other four-wave mixing
spectroscopies is given by Jooet al.28

A two-state system coupled to both the bath degrees of
freedom and external optical fields can be, in general, described
by the following Hamiltonian

where the Pauli matrices are denoted byσ’s and µ is the
electronic dipole matrix element.Ω is the electronic transition
frequency. The third term on the right-hand side of eq 1
represents the coupling potential among the bath coordinates
{qR}, chromophore coordinateQ, and the optical transition. The
specific functional form of the coupling potentialVSB({qR},Q)
is determined by the bath model that one is interested in. Note
that the system-bath coupling is diagonal so that within this
model Hamiltonian the optical transition frequency is modulated
by the bath degrees of freedom via the coupling potentialVSB-
({qR},Q), but there is no electronic transition induced by the
bath fluctuations.E(r ,t) is the external electric field including
three distinct optical fields in the case of four-wave mixing
spectroscopies. We use the semiclassical approximation to the
field-matter interaction, though its quantum generalization of
the field is straightforward.29 As long as the intensity of the
optical field is high enough to ignore the photon number
distribution of the fieldsthe photon number distribution is
narrow so that the average photon number is the only relevant
parameter determining the field amplitudesa classical treatment
of the electric field should be appropriate.HB({pR,qR},Q)
represents the Hamiltonian describing the initial equilibrium state
of the system. Depending on the line broadening model, for

example the Brownian oscillator or the effective harmonic bath
models, the bath Hamiltonian may depend on the optically active
system coordinate,29 where the system coordinate is fully in
equilibrium with the bath degrees of freedom initially.

For the given Hamiltonian, eq 1, the photon echo signal,
which is fourth-order with respect to the field-chromophore
interaction, can be most easily described by using the nonlinear
response function formulation. The density operator can be
perturbatively expanded to obtain the third-order density opera-
tor. Then the polarization of the optical sample can be
calculated from the expectation value of the electric dipole
operator traced over the third-order density operator. Since the
third-order density operator depends on four time arguments,
one can obtain the photon echo polarization in terms of the
nonlinear response functions with three time variables which
represent time differences between the consecutive time argu-
ments. References 17 and 30 give a detailed description of the
photon echo polarization expressed as a triple integral over the
three time differences. Although in general the associated
nonlinear response functions depend on three time differences
independently, when the fluctuating coupling potentialVSB-
({qR},Q) obeys Gaussian statistics, they can be expressed in
terms of simple line-shape functions,g(t). g(t) defined in this
manner includes only the contributions to line broadening from
dynamical processes. In general, the actual spectral line shape
may also contain a static contribution. One of the advantages
of rewriting the nonlinear response functions in terms of line-
shape functions is that the latter functions are simple two-time
correlation functions depending on a single time difference.
Those four third-order response functions are29

The corresponding double-sided Feynman diagrams are shown
in Figure 2. The line-shape function,g(t), is determined by

Figure 1. Pulse sequences of the three-pulse photon echo. Three
consecutive pulses with wave vectors ofk1, k2, andk3 are separated
by τ and T. The echo field generated by the rephasing process is
pictorially shown by the last peak. From the phase matching condition,
the wave vector of the photon echo field isk3 + k2 - k1. The integrated
photon echo is measured by integrating the photon echo intensity along
this direction.

H ) 1/2pΩσ + µ‚E(r ,t)σx + 1/2σzVSB({qR},Q) +
HB({pR,qR},Q) (1)

Figure 2. Four double-sided Feynman diagrams associated with the
four nonlinear response functions given in eq 2. The arrows represent
the interaction with the external fields with wave vectorsk1, k2, and
k3. Gij(t) andGii(t) describe the time evolution of off-diagonal and
diagonal elements of a density matrix, respectively.

R1(t3,t2,t1) ) exp[-g(t1) - g*( t2) - g*( t3) + g(t1+t2) +
g*( t2+t3) - g(t1+t2+t3)]

R2(t3,t2,t1) ) exp[-g*( t1) + g(t2) - g*( t3) - g*( t1+t2) -
g(t2+t3) + g*( t1+t2+t3)]

R3(t3,t2,t1) ) exp[-g*( t1) + g*( t2) - g(t3) - g*( t1+t2) -
g*( t2+t3) + g*( t1+t2+t3)]

R4(t3,t2,t1) ) exp[-g(t1) - g(t2) - g(t3) + g(t1+t2) +
g(t2+t3) - g(t1+t2+t3)] (2)
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the autocorrelation function of the fluctuating part of the
coupling potential,δVSB(t) ) VSB(t) - 〈VSB〉, as

δVSB(t) is the Heisenberg operator ofδVSB. The Heisenberg
operator is chosen to propagate under the ground electronic state
Hamiltonian. This is a semiclassical approximation, but as
Shemetulskis and Loring show,31 other choices such as the
arithmetic mean of ground and excited Hamiltonians make only
small differences in the predicted dynamics, except in pathologi-
cal cases. Since the integrand of eq 3 is a one-sided quantum
correlation function, the line-shape function is complex. The
real part of the line-shape function is thus responsible for the
optical broadening effect, whereas the imaginary part describes
time-dependent spectral diffusion, for example, the time-
dependent fluorescence Stokes shift. At this stage, one probably
needs to introduce an appropriate model for the coupling
potential operator, which is a difference potential operator
modulating the optical transition frequency. In the Brownian
oscillator model,29,30,32,33the fluctuating coupling potential is
linearly proportional to a single harmonic oscillator coordinate,
which is in turn coupled to the bath degrees of freedom.
Because of the couplings between the optically active main
oscillator and the bath degrees of freedom, the equation of
motion for the main oscillator becomes the generalized Langevin
equation with a time-nonlocal damping kernel. On the other
hand, if one uses an effective harmonic oscillator bath model,
where a collection of harmonic oscillators are linearly coupled
to the optical transition, the fluctuating coupling potentialδVSB
becomes linearly proportional to the coordinates of every
oscillator with appropriate coupling constants. We shall show
in the next section that thespectral densityrepresentation of
the bath dynamics can be used for an arbitrary model bath, e.g.,
the Brownian oscillator model, the bosonic bath model, etc.

III. Solvation Dynamics and Line-Shape Function

Four-wave mixing spectroscopies, including photon echo
measurements, are completely described by the four nonlinear
response functions discussed in section II, which are in turn
determined by the line-shape functiong(t). It is often assumed
that the autocorrelation function of the fluctuating coupling
potential can be replaced with the classical correlation function.
However, in this case the spectral diffusion, associated with
the imaginary part of the line-shape function, cannot be included
in the nonlinear spectroscopy. For example, Cho and Fleming34

studied the photon echo phenomena by replacing the normalized
autocorrelation function,〈δVSB(t)δVSB(0)〉/〈δVSB2〉, with the
time-dependent fluorescence Stokes shift function. It has been
speculated that in the classical (high-temperature) limit the
procedure mentioned above is quantitatively correct. In this
section, we present a more rigorous discussion of how these
correlation functions are related to one another.
We first consider the time-dependent fluorescence Stokes shift

(FSS) function defined as

where∆Eh(t) is the nonequilibrium energy difference between
the excited state and the ground state and is proportional to the
central frequency of the time-dependent fluorescence spectrum.
Since the initial population created on the electronic excited
state is in a (quasi) nonequilibrium state on the potential surface

of the excited state, the FSS function defined above reflects
the relaxation of the nonequilibrium state. To establish the
relationship between the nonequilibrium relaxation and fluctua-
tion correlation in the equilibrium state, one can divide the
energy difference operator∆E into two parts, i.e.,

where〈∆E〉 is the average transition energy calculated over the
ensemble of the chromophores. Therefore, the distribution of
the static local environments around the chromophores is taken
into account by this average value. The fluctuating coupling
potential is thus the fluctuating part of the energy difference
operator. With the definitions of the FSS function and the
energy difference operator in eq 5 and by using the linear
response theory, the nonequilibrium quantity∆Eh(t) can be most
generally written by an integral over the response function.35

Then the FSS function,S(t), becomes

where the response functionG(t) is defined as a mean value of
the commutator of the Heisenberg operatorδVSB(t), the fluctuat-
ing coupling potential,35

In addition to the antisymmetrized correlation function, we
define the symmetrized correlation function asC(t),

As we shall show later, it is very convenient to introduce the
spectral density defined as

whereG̃(ω) is the Fourier-Laplace transform of the response
function,

From now on, we shall use the definition of the spectral density
in eq 9 to express various correlation functions relevant to the
optical spectroscopic broadening and spectral diffusion.
For example, the fluorescence Stokes shift function S(t) can

be rewritten in terms of the spectral density as

where the normalization constantλ is identical to the solvation
reorganization energy,

From eqs 11 and 12, the physical meanings of the Stokes shift
and reorganization energy become clear in the spectral density
representation. The first moment of the spectral density,
multiplied by Planck’s constant, is equal to the reorganization
energy, and the time-dependent change of the first moment
corresponds to the time-dependent fluorescence Stokes shift,

g(t) ) 1

p2
∫0tdτ∫0τdτ′ 〈δVSB(τ′)δVSB(0)〉 (3)

S(t) )
∆Eh(t) - ∆Eh(∞)
∆Eh(0)- ∆Eh(∞)

(4)

∆E) 〈∆E〉 + δVSB (5)

S(t) )
∫t∞dτ G(τ)

∫0∞dτ G(τ)
(6)

G(t) ) i
p

〈[δVSB(t),δVSB(0)]〉 (7)

C(t) ) 1
p

〈{δVSB(t),δVSB(0)}〉 (8)

F(ω) ≡ 2
πp

Im[G̃(ω)]

ω2
(9)

G̃(ω) )∫0∞dt eiωt G(t) (10)

S(t) ) p
λ∫0∞dω ωF(ω) cosωt (11)

λ ) p∫0∞dω ωF(ω) (12)
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where the time dependence of the FSS function is completely
determined by the spectral density once it is known.
Before we discuss the connection between the FSS function

S(t), and the line-shape functiong(t), it is useful to consider
the classical limit of the time-dependent fluorescence Stokes
shift, eq 6. In this limit, where the spectral distribution of the
fluctuation is far less than 2kBT, the response function is directly
related to the classical correlation function by36

where the average is taken over the classical phase space and
δVSB is a classical variable not an operator.â ) 1/kBT where
kB is the Boltzmann constant andT is the absolute temperature.
Using this classical fluctuation-dissipation relation in the
definition of the fluorescence Stokes shift function in eq 6, the
well-known relationship between the FSS (solvation) function
and the classical correlation function of the fluctuation can be
recovered

Equation 14 is a formal expression of Onsager’s regression
hypothesis in the classical limit.
We next focus on the line-shape function,g(t), in the spectral

density representation. From the definitions of the antisym-
metrized and symmetrized correlation functions of the fluctuat-
ing coupling potential, the line-shape function can be rewritten
as

Generally, the symmetrized correlation functionC(t) is not
simply related to the response functionG(t) via a time-derivative
relation, eq 13 of the classical limit. In the classical limit, the
temperature is the only bath parameter determining the fluctua-
tion-dissipation relation.36 On the other hand, in the case of a
general quantum system, the quantum fluctuation-dissipation
relation shows that the relation between the symmetrized and
antisymmetrized correlation functions of the fluctuation requires
a complete knowledge of the spectral distribution of the
fluctuation, i.e.,F(ω).35 Again the spectral density defined in
eq 9 plays a key role in describing the line-shape function:

From eqs 11 and 16, it should be clear how the fluorescence
Stokes shift functionS(t) is related to the optical line-shape
functiong(t) via the spectral density. The spectral density scaled
by λ can be obtained by the cosine transformation of the time-
dependent FSS or solvation correlation function provided the
Stokes shift magnitude (i.e., 2λ) is also known. One can use
either theoretical methods12,23-26 or computer simulation tech-
niques13,22to obtain the solvation correlation function in parallel
with the experimental fluorescence Stokes shift measurements.
Using the spectral density thus obtained, the optical line-shape
function can be completely evaluated and eventually the
nonlinear response function can be constructed by using eq 2.
One can also use the reverse procedure to obtain some
information on the solvation dynamics by using time-domain
nonlinear spectroscopic methods. It is one of our goals in this

paper to show thatphoton echo peak shift measurements can
be used to study solVation dynamics in liquids.

We close this section by emphasizing that the above discus-
sion is in fact quite general and valid regardless of the bath
model used as long as the system-bath coupling is diagonal
with respect to the electronic basis. Any arbitrary bath model
can be incorporated into the spectral density representation with
the appropriate functional form.

IV. Approximate Integrated Photon Echo Signal in the
Impulsive Limit

As discussed in section II, the photon echo signal is
proportional to the square of the third-order optical polarization
within the slow-varying-amplitude approximation. The third-
order polarization, which acts as a source term generating the
electric field from the sample, can be fully described by the
nonlinear response functions listed in eq 2. Instead of consider-
ing a general case with finite pulse width, we will assume that
the pulse width is short enough to replace the time profile of
the pulses with delta functions. This cannot be justified when
the bath has dynamical time scales on the order of the width of
the optical pulse. However, remarkable developments in
ultrashort laser design allow routine generation of 10-20 fs
pulses. Such pulses can often be approximated as delta
functions. Effects caused by the finite width of optical pulses
can be studied by using numerical methods and will be discussed
briefly in the following sections. Referring to Figure 1, the
first and the second delay times are denoted byτ and T,
respectively. When the three wave vectors associated with the
consecutive three pulses arek1, k2, and k3, respectively, the
echo field is generated with a wave vector ofk3 + k2 - k1,
because of the phase-matching condition. In Figure 1, the last
peak is a pictorial representation of the echo field emitted by
the sample after some timet from the last pulse.

In the impulsive limit, the third-order photon echo signal
becomes

whereP(t) andQ(t) are the real and the imaginary part of the
line-shape function, respectively.I(t-τ) represents the inho-
mogeneous contribution to the nonlinear response functions:

Here,∆in represents the width of the inhomogeneous distribution
of the static environment. In many liquids, the inhomogeneous
contribution will be zero, i.e.,∆in ) 0, since there are no static
environments. Although it is straightforward to calculate eq
17, we find that it is more useful to evaluate the integral using
the Laplace method. As can be seen in the Feynman diagrams,
during the last time period,t, the chromophore evolves in on
electronic coherence, which is quickly destroyed by the fast
dephasing process. Therefore, the exponential term inside of
the integrand of eq 17 is a very quickly varying function with
respect tot, so we can use a short-time approximation to theP
andQ functions in eq 17 with respect tot only. The cosine
term is further expanded in a Taylor series and exponentiated

Gcl(t) ) -â d
dt
Ccl(t) ) -â d

dt
〈δVSB(t)δVSB(0)〉cl (13)

S(t) )
〈δVSB(t)δVSB(0)〉cl

〈δVSB
2〉cl

(14)

g(t) ) 1
2p
∫0t dτ∫0τdτ′ {C(τ′) - iG(τ′)} (15)

g(t) ) -iλt/p +∫0∞ dω F(ω) coth[pωâ/2](1- cosωt) +

i∫0∞dω F(ω) sinωt (16)

SPE(τ, T) ∝∫0∞dt I(t-τ) exp[-2{P(τ) - P(T) + P(t) +

P(τ + T) + P(T+ t) - P(τ + T+ t)}] cos2[Q(T) + Q(t) -
Q(T+ t)] (17)

I(t-τ) ) exp[-∆in
2(t - τ)2] (18)

The Integrated Photon Echo J. Phys. Chem., Vol. 100, No. 29, 199611947

+ +

+ +



since the exponential term in the integrand will eliminate the
oscillatory behavior of the cosine term:

where M(t) is defined as

and f(t) is defined asf(t) ) (λ/p)2[1 - M(t)/M(0)]2. The
remaining integral is then a Gaussian, so the photon echo signal
can be approximately written as

where the auxiliary functions,A(τ,T) andB(τ,T), are defined
as

erf( ) is the error function.Ṗ(t) is the derivative ofP(t). 〈 〉F
denotes an average over the spectral density, e.g.,

In eq 20 there are two distinctive contributions, one is the
exponential part and the other the terms inside the square
bracket. The exponential part corresponds to the dephasing
process, which is a monotonically decaying function with respect
to the optical coherence timeτ. In contrast, the term inside the
square bracket is a monotonically increasing function approach-
ing a finite value. The latter contribution describes the imperfect
nature of the rephasing process induced by the Gaussian
behavior of the short-time bath dynamics.
We next present some numerical calculations of the results,

eqs 20 with 21. To this end, we assume a model spectral density
whose functional form is

where the cut-off frequencyωc is assumed to be 40 cm-1. To
properly scale the spectral density, we assume that the mean
square fluctuation amplitude,〈ω2 coth(pωâ/2)〉F, at room
temperature is 84 200 cm-2, that is,〈ω2 coth(pωâ/2)〉F

1/2 is about
290 cm-1. This corresponds to the case when the reorganization
energyλ is about 200 cm-1 at room temperature in the classical
limit. Here 〈ω2 coth(pωâ/2)〉F

1/2 is approximately identical to
the homogeneous broadening width of the absorption spectrum.
Note that one can use the solvation reorganization energy for
the reference parameter to scale the spectral density as discussed
in section III. The spectral density given above will be used
for the numerical calculations throughout this paper.
In Figure 3a, the exact numerical calculation of the integrated

photon echo signal eq 17 with respect to the first delay timeτ
(dashed curve) is compared with the approximate photon echo

signal, eq 20 (solid curve). Although there are slight deviations
in the absolute magnitude as well as the decaying pattern in
the longer time region, the agreement between the two is very
much acceptable. As the second delay timeT increases from 0
to 400 fs, the echo peak shift decreases progressively as shown
in Figure 3b. In this calculation, the inhomogeneous width is
assumed to be zero, so the echo peak shift approaches zero in
this case (see section V for a detailed discussion on the
asymptotic value of the echo peak shift as a function of the
inhomogeneous width). In practice, by measuring the mirror
image photon echo signal with wave vector ofk3 - k2 + k1,
one can measure the echo peak shift with very high precision.28

The calculated echo peak shift as a function of the second
delay time,T, is presented in Figure 4, where the solid dots
and curve are the numerical results from eqs 17 and 20,
respectively. Again the approximate echo signal, eq 20, is in
good quantitative agreement with the exact numerical results
from eq 17 for arbitrary inhomogeneous width: in Figure 4 the
inhomogeneous width∆in is assumed to be 0 and 400 cm-1,
respectively. Although the decaying patterns of the echo peak
shift are similar regardless of the inhomogeneous width, the
asymptotic value of the echo peak shift when there is no static
inhomogeneous contribution is zero as can be seen in Figure

Figure 3. (a) The normalized integrated photon echo signals atT )
0 calculated by using eqs 17 (dashed curve) and 20 (solid curve). (b)
For the second delay timeT ) 0, 20, 40, 60, 80, and 400 fs, the short-
time photon echo signals are calculated from eq 20. The inhomogeneous
width is assumed to be zero. The model spectral density used throughout
this paper is given in the text (see eq 22). It should be noted that the
echo peak shift decreases as the second delay timeT increases.

cos2[Q(T) + Q(t) - Q(T+ t)]

≈ cos2[(λ/p)(1- M(T)/M(0))t]

≈ 1- (λ/p)2(1- M(T)/M(0))2t2 + ...

≈ exp[-(λ/p)2(1- M(T)/M(0))2t2] ) exp[-f(T)t2]

M(t) )∫0∞ dω ω2 coth(pωâ/2)F(ω) cosωt (19)

SPE(τ,T) ∝ xπ

2xA(τ,T) exp{-2P(τ) - ∆in
2τ2 +

B(τ,T)2

4A(τ,T)} ×
[1+ erf( B(τ,T)

2xA(τ,T))] (20)

A(τ,T) ) 〈ω2 coth(pωâ/2)〉F + ∆in
2 + M(T) - M(τ+T) +

f(T) (21.a)

B(τ,T) ) 2∆in
2τ + 2Ṗ(τ + T) - 2Ṗ(T) (21.b)

〈ω2 coth(pωâ/2)〉F )∫0∞ dω ω2 coth(pωâ/2)F(ω)

F(ω) ∝ (1/ω) exp(-ω/ωc) (22)
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4a, whereas that of the echo peak shift when∆in is 400 cm-1

(see Figure 4b) is finite. We discuss the inhomogeneous-width-
dependent asymptotic echo peak shift in the following section.
Here it should be emphasized that both eqs 17 and 20 are
obtained on the basis of the impulsive approximation to the
external optical pulses. Therefore, one may have to convolute
the approximate signal with finite width pulses to make a
quantitative comparison to the experimental data. This effect
has been explored elsewhere.28

V. Photon Echo Peak Shift and Its Connection to
Solvation Dynamics

As briefly mentioned in the Introduction, the echo peak shift,
as shown in Figure 3, has been experimentally observed and
numerical modeling suggested that the echo peak shift with
respect to the second delay period in the three-pulse photon
echo is closely related to the solvation correlation function. In
this section we show that the echo peak shift as a function of
T is indeed directly proportional to the solvation correlation
functionS(t) in the long-time region.
A. Small Inhomogeneous Broadening Limit,∆in

2 , 〈ω2

coth(pωâ/2)〉G. This is the case when the static inhomogeneous
broadening is much smaller than the homogeneous one. Perhaps
most liquids belong to this limit.
We first consider the echo peak shiftτ*(T) as a function of

the second delay time. The approximate photon echo signal,

eq 20, can be expanded with respect to the first delay timeτ up
to the second-order terms. It should be noted that in a typical
polar liquid the echo peak shift is generally less than 10-15
fs. Therefore, the short-time expansion of the signal with respect
to τ is well-justified. The maximum of the signal with respect
to τ is found by setting the first derivative of the expanded signal
equal to zero. Then the echo peak shiftτ* can be approximated
as

To obtain eq 23, we take only terms that are linear with respect
toM(T), though the denominator of the full expression includes
M(T) and other complicated functions ofT. Therefore, we
expect that the approximate equation 23 works well only in the
longer time region, whenTg τc. Before we present a numerical
calculation using eq 23, it is interesting to consider the high-
temperature limit of eqs 23 with 19. In this limit one can replace
coth(pω/2kBT) with 2kBT/pω. From the definition of the
reorganization energyλ in eq 12 and the fluorescence Stokes
shift function S(t) in eq 11, the echo peak shiftτ* can be
rewritten as

with

Equation 24 shows how the echo peak shift is related to the
solvation dynamics via the fluorescence Stokes shift (solvation)
function S(t) in the long-time region. The proportionality
constant is the root mean square fluctuation amplitude. Once
the normalized FSS functionS(T) is known, it is possible to
obtain the magnitude of the bath fluctuation amplitude from eq
25 in the long-time region. Furthermore it is worth noting that,
sinceS(T) decays to zero asT increases, the asymptotic value
of the echo peak shiftτ* vanishes in this case of a small
inhomogeneous broadening limit. Inversely, if the echo peak
shift approaches a finite value, one can exclude the small
inhomogeneous broadening limit.
In Figure 5, a comparison of the numerically calculated echo

peak shifts from both eq 20 (solid dots) and eq 24 (solid curve)
is presented. Because of the approximations mentioned above,
there is a large deviation between the two curves in the short-
time region, i.e., for times less than the bath correlation time,
but after 100 fs, which is approximately equal to the bath
correlation time, the agreement is quantitative. This shows that
the echo peak shift measurements can be used for the study of
solvation dynamics.
In this small inhomogeneous broadening limit, the absorption

spectrum is completely determined by dynamical processes, once
the high-frequency vibrational levels are known. In this case,
one can measure the line-shape function directly from the free
induction decay.
B. Intermediate Inhomogeneous Broadening Limit,∆in

2

e 〈ω2 coth(pωâ/2)〉G. When the inhomogeneous width is
comparable to the dynamical width that is determined by the
mean square root fluctuation amplitude, it is difficult to obtain
approximate expressions for the form of the echo intensity
profile from eq 20. However, photon echo peak shift measure-

b

a

Figure 4. Echo peak shifts calculated by using Eqs 17 (solid dots)
and 20 (solid curve). Panels a and b correspond to the cases when the
inhomogeneous width∆in is 0 and 400 cm-1, respectively.

τ*(T) )
M(T)

xπ〈ω2 coth(pωâ/2)〉Fx〈ω2 coth(pωâ/2)〉F + f(T)
(23)

τ*(T) )
S(T)

xπ[Γ + f(T)]
(24)

Γ ≡ 2λ
p2â

(25)
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ments can still be an effective tool for studying the solvation
dynamics or spectral diffusion of molecules dissolved in organic
polymer glasses or chromophores in proteins, for example. By
following the same procedure described in section IV.A, we
find that the echo peak shift is approximately given by

whereM(T) was defined in eq 19. If the inhomogeneous width
is set to zero, eq 26 reduces to the small inhomogeneous
broadening limit, eq 23. In contrast to eq 23, asT increases
the echo peak shiftτ* approaches a finite value,

Therefore, the observation of the non-zero asymptotic value of
the echo peak shift can provide strong evidence showing that
there is a finite inhomogeneous contribution to the optical
spectrum.
Except perhaps for water, at room temperature, most liquids,

polymer glasses, and proteins belong to the classical limit, since
twice the thermal energy is about 400 cm-1 and the distributions
of the spectral densities of most of liquids are significantly less
than 400 cm-1. Therefore it is useful to consider the classical
limits of eqs 26 and 27,

whereΓ was defined in eq 25. Equation 28 should be useful

in describing the echo peak shift measured in various systems
at room temperature in the intermediate inhomogeneous broad-
ening case. At lower temperature, eq 26 should be used to
interpret the echo peak shift with respect to the population delay,
T. In this low-temperature regime, however, a clear physical
picture, such as the direct connection to the solvation correlation
function as shown by eq 28, is lost.
When the inhomogeneous width,∆in, is 200 cm-1, the echo

peak shift is numerically calculated as a function of the second
delay timeT (see Figure 6). As in the case of the small
inhomogeneous broadening limit, the approximate expression
eq 26 is in good agreement with the exact numerical results,
though in the short-time (less than the bath correlation time)
region the two curves do not match well.
One interesting application of the results obtained above is

that the inhomogeneous width can be determined from eq 29
after measuring the asymptotic value of the echo peak shift,
provided that the homogeneous root mean square fluctuation
amplitude,Γ, from the FSS is known. This procedure should
be useful in separately estimating the inhomogeneous and the
homogeneous contributions in the intermediate inhomogeneous
broadening limit.
It should be noted that the asymptotic peak shift expression,

eq 27, is valid only when the dynamical coupling constant is
larger than the inhomogeneous width, i.e.,∆in

2 e 〈ω2 coth-
(pωâ/2)〉F. The behavior of the asymptotic peak shift from exact
numerical calculations is compared with the approximate result
in Figure 7. In this figure, the root mean square fluctuation
amplitude,〈ω2 coth(pωâ/2)〉F

1/2, is fixed at 290 cm-1, and the
inhomogeneous width∆in is varied up to 1000 cm-1. The
approximate asymptotic peak position agrees with the exact
numerical calculation up to an inhomogeneous width of 200
cm-1 after which the two curves begin to diverge. This failure
is due to the fact that the error function in eq 20 is approximated
to be a linear function for small arguments to obtain eq 26.
The exact form of the peak shift as a function of∆in shows

that there are two values of∆in compatible with a given peak
shift. However, as Figure 7 shows, the dependence ofτ* on
∆in is very asymmetric and it will often be possible to rule out
the large value of∆in as being inconsistent with the width of
the absorption spectrum. Past the peak in theτ* Vs ∆in plot,

Figure 5. The echo peak shift as a function of the second delay time,
T, is shown for a homogeneous system (∆in ) 0). The solid dots and
curve correspond to those calculated from eq 20 with 21 and predicted
with eq 23 with 19, respectively. For the given spectral density (eq
22), eq 23 is quantitatively identical to eq 24, that is, the classical limit
of eq 23 at 300 K.

Figure 6. The echo peak shift as a function of the second delay time,
T, shown for an intermediate inhomogeneous broadening case (∆in )
200 cm-1). The solid dots and curve correspond to those calculated
from eq 20 with 21 and predicted with eq 26 with 19, respectively.
The echo peak shift in this case approaches an asymptotic value
determined by eq 27.

τ*(T) ){ [M(T) +

∆in
2] x〈ω2 coth(pωâ/2)〉F + ∆in

2 + f(T)}/
{xπ[〈ω2 coth(pωâ/2)〉F(〈ω

2 coth(pωâ/2)〉F + 2∆in
2 +

f(T)) + ∆in
2f(T)]} (26)

τ*(Tf∞) )[ ∆in
2x〈ω2 coth(pωâ/2)〉F + ∆in

2 + (λ/p)2]/
{xπ[〈ω2 coth(pωâ/2)〉F(〈ω

2 coth(pωâ/2)〉F + 2∆in
2 +

(λ/p)2) + ∆in
2(λ/p)2]} (27)

τ*(T) )
xΓ + ∆in

2 + f(T)(ΓS(T) + ∆in
2)

xπ[Γ(Γ + 2∆in
2 + f(T)) + ∆in

2f(T)]
(28)

τ*(Tf∞) )
∆in

2xΓ + ∆in
2 + (λ/p)2

xπ[Γ(Γ + 2∆in
2 + (λ/p)2) + ∆in

2(λ/p)2]
(29)
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the very weak dependence ofτ* on ∆in will make it difficult to
determine∆in accurately.
C. Large Inhomogeneous Broadening Limit,∆in

2 . 〈ω2

coth(pωâ/2)〉G. When the inhomogeneous width is much larger
than the root mean square fluctuation amplitude, the rephasing
is perfect since the memory of the electronic phase associated
with the static inhomogeneity is completely preserved during
the second delay time. Therefore the echo field peaks att ) τ
after the last pulse. This limit can be applied to the case when
impurity chromophores are dissolved in glasses with broad
distribution of the local environments. In this case the echo
signal solely represents the homogeneous dephasing process,
from eqs 20 and 21,

which is valid whenτ g ∆in
-1. Furthermore, the echo peak

shift is zero regardless of the second delay timeT. This is in
contrast to the small inhomogeneous broadening limit, where
the echo peak shift is observed as discussed in section V.A. On
the basis of the discussion given above, one can conclude that,
provided that the large value of∆ can be eliminated,the
existence of the asymptotic echo peak shift means that the
inhomogeneous width is comparable to or smaller than the
homogeneous width determined by the mean square root
fluctuation amplitude, that is∆in

2 ≈ 〈ω2 coth(pωâ/2)〉F or ∆in
2

e 〈ω2 coth(pωâ/2)〉F. In other words, the traditional interpreta-
tion of the photon echo signal, that the photon echo signal is
purely determined by the homogeneous dephasing process
without any inhomogeneous contribution, is not correct as long
as the asymptotic echo peak shift is non-zero. Note that the
echo signal in this large inhomogeneous broadening limit does
not depend on the second delay timeT, which can be understood
from the fact that there is no memory loss of the electronic
phase induced by the static local environment during the second
delay time. We shall not discuss this case further, since this
limit has been studied extensively.29,30,34

Finally we emphasize again that the asymptotic echo signal
SPE(τ,Tf∞), eq 20, in the small inhomogeneous broadening
limit is formally identical to the echo signal, eq 30, in the large
inhomogeneous broadening limit. In other words, in cases of
small and large inhomogeneous broadening limits, the homo-
geneous contribution to the optical dephasing process, that is
represented by the real part of the line-shape function as eqs
20 and 30, can be measured by using the conventional three-

pulse photon echo experiment. On the other hand, in the case
of the intermediate inhomogeneous broadening limit, one should
use the echo peak shift measurements to obtain the solvation
dynamics that are in turn related to the line-shape function as
discussed in section III. Of course, the echo profile can be fitted
using a numerical fitting procedure regardless of the inhomo-
geneous width, but it will be very difficult to find all of the
parameters with confidence.

VI. Experimental Result and Numerical Calculations of
the Line-Shape Function

To illustrate the use of the expressions developed above, we
present a preliminary analysis of the dynamical and static
contributions to the line broadening of IR144 in a room
temperature glass, PMMA. A full analysis including temper-
ature dependence will be presented elsewhere.37

The parameters required to fit the three-pulse echo peak shift
data (solid circles in Figure 8) are the mean square fluctuation
amplitude,Γ ()2λkBT/p2) and∆in. The procedure to obtain
the spectral density and line-shape function is as follows.

(i) To obtain the spectral density, the time-dependent portion
of the echo peak shift,τ*(T) - τ*(∞), is Fourier transformed.
This assumes that the echo peak shift without the asymptotic
peak shift is linearly proportional toM(t) as shown in eq 23.
The time dependence off(T) is ignored under the assumption
that contribution fromf(T) will be smaller than the sum ofΓ
and∆in

2. The Fourier-transformed peak shift is divided byω2

coth[pω/2kBT] to obtain the unscaled spectral density.

(ii) Since the echo peak positions are constant beyondT) 1
ps (scans were taken out to 200 ps) and since the asymptotic
peak position does not depend onS(t), photon echo signals at
T ) 1 ps are iteratively calculated by varyingΓ and∆in until
the peak position of the calculated signal matches the experi-
mental peak shift value atT ) 1 ps to obtain the correctΓ and
∆in. The full set of response functions and 22 fs pulses are
used for this calculation. The obtained values areΓ ) 240 100
cm-2, λ ) 580 cm-1, ∆in ) 400 cm-1. By using eq 12, the
spectral density can be properly normalized and is shown in
the inset of Figure 8.

Figure 7. The asymptotic peak shift calculated as a function of∆in

using eq 27, dashed curve, is compared with the asymptotic peak shift
value obtained from eq 17, solid curve.

SPE(τ,T) ∝ exp[-2P(τ)] (30)

Figure 8. Experimental and calculated echo peak shifts of IR144 in a
room temperature glass, PMMA, shown by the solid circles and the
solid curve, respectively. The inset shows the normalized spectral
density (see text for details).
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(iii) From the spectral density and the inhomogeneity width
obtained by i and ii, the absorption spectrum can be calculated
with

A comparison of calculated and experimental absorption spectra
is shown in Figure 9. Reasonable agreement is obtained on
the low-energy side of the spectrum. The poor agreement on
the high-energy side most likely arises from underestimating
the contribution of high frequency modes which were not
impulsively excited by our 22 fs pulses. A more detailed
analysis will be presented elsewhere.37

Equation 28 shows thatS(t) can be obtained directly from
the peak shift by removing theτ*(Tf∞) value and normalizing
for the amplitude. TheS(t) obtained in this manner will not be
correct at short times since the peak shift measurements cannot
correctly determine the initial decay ofS(t) as shown in Figures
5 and 6, but slower components will be described correctly. To
demonstrate the utility of this approach, the echo peak shiftτ*-
(T) was recalculated using the above parameters and a pulse
width of 22 fs using the full set of response functions.30 The
result is compared with the experimental data in Figure 8. The
calculated initial peak shift is too large as mentioned above;
however, the rest of the curve and in particular the long-time
behavior are well-reproduced. Thus, an initial guess of the form
of S(t) and other parameters can be obtained through this
method. These parameters can be used to fit the experimental
data once the initial part ofS(t) is correctly adjusted.37

VII. Summary

In general, nonlinear spectroscopies can be completely
described once the nonlinear response functions are known.29

Furthermore, the nonlinear response functions were shown to
be expressed by a combination of the line-shape functions,
g(t).30,32 We first established the relationship between the
solvation function, the fluorescence Stokes shift functionS(t),
and the line-shape function by defining the spectral density as
eq 9. One can use various methods, for example, fluorescence
Stokes shift measurements, computer simulations, or analytical

theories, to obtain the spectral density of a given solvent. Then
using the relationships given in this paper, one can easily
calculate various nonlinear spectroscopic signals. Inversely,
using the nonlinear spectroscopic methods, particularly the
photon echo peak shift measurement, it is possible to obtain
information on the solvation dynamics. The latter approach was
taken in this paper.
Considering the conventional integrated photon echo in the

impulsive limit, we obtained the approximate echo signal in eq
20. In the small or intermediate inhomogeneous broadening
limits, we further showed that the echo peak shift as a function
of the second delay time is directly proportional to the
fluorescence Stokes shift function for times greater than the bath
correlation time. By using the echo shift formula developed in
this paper, an analysis of the echo shift data of IR144 in PMMA
at room temperature was presented. It was found that the
inhomogeneous width is approximately 400 cm-1. The chro-
mophore-solvent spectral density of this composite system was
obtained by Fourier transform of the echo shift.
We conclude by emphasizing that the theoretical description

given in this paper does not depend on any specific bath model
such as the multimode Brownian oscillator model or the
effective harmonic oscillator bath model. Therefore, from
photon echo experiments and the interpretation procedures
discussed in this paper, one can test the validities of various
theoretical models directly and obtain bath response functions
without relying on simplified models with adjustable parameters.
Consequently, one can obtain the spectral density directly from
photon echo experiments.
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